γ-ray spectra of pulsars have been mostly studied in a phenomenological way, by fitting them to a cut-off power-law function. Here, we analyse a model where pulsed emission comes from synchro-curvature processes in a gap. We calculate the variation of kinetic energy of magnetospheric particles along the gap and the associated radiated spectra, considering an effective particle distribution. We fit the phase-averaged and phase-resolved Fermi-LAT (Large Area Telescope) spectra of the three brightest γ-ray pulsars: Geminga, Crab, and Vela, and constrain the three free parameters we leave free in the model. Our best-fitting models well reproduce the observed data, apart from residuals above a few GeV in some cases, range for which the inverse Compton scattering likely becomes the dominant mechanism. In any case, the flat slope at low-energy ( GeV) seen by Fermi-LAT both in the phase-averaged and phaseresolved spectra of most pulsars, including the ones we studied, requires that most of the detected radiation below ∼GeV is produced during the beginning of the particle trajectories, when radiation mostly come from the loss of perpendicular momentum.
INTRODUCTION
The wealth of Fermi-LAT (Large Area Telescope) data (Abdo et al. 2013 ) has boosted our knowledge about γ-ray emission from pulsars, allowing a better understanding of the fundamental high-energy processes which are responsible for the conversion of the rotational energy into radiation. Two main channels are the likely origin of the detected radiation: photons emitted by particles moving in curved magnetic fields and accelerating electric fields, i.e., the synchrocurvature (SC) radiation, and the inverse Compton (IC) scattering of background photons against energetic magnetospheric particles (Bogovalov & Aharonian 2000) . This paper is the continuation of a series of works (Viganò et al. 2015a,b,c) , in which we focus on the highenergy SC radiation, and to which we refer the reader for further details. Our approach applies to any general gap located in the outer magnetosphere (even outside the light cylinder), since our parameters do not depend on an a-priori, detailed choice of the location of the gap. Instead, we show here how data can be used to constrain the values of the most relevant gap parameters of the model.
The E 2 dN/dE spectra of pulsed γ-ray emission from most pulsars peak around a few GeV, above which the flux quickly decreases with energy. Spectra are usually described by a cut-off power-law:
where the four parameters to be fitted are the normalization P0, the low-energy slope index µ, the peak energy Ep, and the exponential index s. The values of the best-fitting models
give a µ-range in the interval (−1, 0.5), with the distribution peaking close to µ ∼ −0.5 (see Fig. 7 of Abdo et al. 2013 , where their Γ is related to µ as Γ = 1 − µ). This relative flatness at low energies (0.1-1 GeV) contrasts with the value of µ predicted by the SC spectrum of a single-particle, which has a value µ = 0.25 due to mathematical properties of the functions involved. The latter is consistent only with a small minority of observed pulsars. This fact means that a simple SC radiation model which considers a mono-energetic distribution of particles is unable on a first-principle-basis to explain most of the observed spectra.
The relative flatness (i.e., µ ∼ −1) of many pulsar spectra at low Fermi-LAT energies is a basic issue that to our knowledge has never been properly addressed. In particular, we believe it could signal that non-saturated particles are important contributors to the total emitted radiation. Put otherwise, that the contribution of different parts of the particle trajectories is non-uniform. In Viganò et al. (2015a,c) we showed how a large weight given to the initial parts of the trajectories, where the radiation is dominated by synchrotron-like emission, can explain flatter slopes (µ < 0.25). We study this possibility in more detail here, and advance that it is in agreement with data.
Pulsar spectra show another important feature: for some sources, the phase-averaged spectrum shows a subexponential cut-off, i.e., s < 1. The high-energy tail (E few GeV) decreases in energy slower than the expected SC radiation emitted by mono-energetic particles, which produces a purely exponential cut-off, s = 1. This issue alone does not rule out SC radiation as the dominant mechanism: the phase-averaged spectrum is the superposition of radia-tion coming from different phases, each of which could be properly described by a SC spectrum. The superposition of such spectra, with different energy peaks, slopes and fluxes can well lead to a sub-exponential cutoff. Such scenario is found for the Geminga pulsar (see Abdo et al. 2010a and the discussion below). The study of the phase-resolved spectra is the only way to assess this issue, and possibly rule out the SC radiation as the dominant mechanism above a few GeV.
In this work, we calculate the variation of energy and the radiated spectra of magnetospheric particles along a gap, considering an effective particle distribution. We fit the phase-averaged and phase-resolved Fermi-LAT spectra of the three brightest γ-ray pulsars: Geminga, Crab, and Vela. With such models we address the above mentioned issues. In §2 we recall the formulae describing the SC radiation, the computation of the particle trajectories and the associated radiative losses spectra. In §3 we fit the phase-averaged and phase-resolved spectra of the radio-quiet PSR J0633+1746 (hereafter, Geminga as it is also known; Halpern & Holt 1992) , PSR J0534+2200 (the Crab pulsar; Staelin & Reifenstein 1968) , and PSR J0835-4510 (the Vela pulsar; Large et al. 1968) . By comparing models with data, we constrain the key physical parameters of our gap models, in particular, the component of the electric field parallel to the magnetic field (hereafter, E ) and the effective particle distribution. In §4, we discuss the obtained results and its implications.
SC RADIATION

Single-particle radiation
The SC radiation emitted by a single, charged particle spiralling around a magnetic field line is described by the following formula for the energy spectrum (see Cheng & Zhang 1996 and the subsequent reformulation by Viganò et al. 2015a) :
where
In the formulae above, m and Γ are the rest mass and the Lorentz factor of the particle, α, rgyr and rc are the pitch angle, the Larmor radius, and the radius of curvature of its trajectory, respectively, e the elementary charge, B the local strength of the magnetic field, the reduced Planck constant, c is the speed of light, Kn are the modified Bessel functions of the second kind of index n, E is the photon energy, Ec is the characteristic energy of the emitted radiation. The factors r eff , Q2, ξ, and gr are introduced to provide a compact formula. In the limits of high or vanishing perpendicular momentum, Eq. (2) reduces to purely synchrotron (ξ ≫ 1) or curvature radiation (ξ ≪ 1) formulae, respectively. In any case, the peak of the spectrum is located close to Ec and, for energies E ≪ Ec, the dominant term in Eq. (2), F (y), provides dPsc/dE ∼ E 0.25 . See Viganò et al. (2015a) for a more detailed discussion.
SC radiation from the pulsar magnetosphere
The detectable radiation coming from the magnetosphere can be estimated by integrating the single-particle spectrum, Eq. (2), along the travelled distance between the assumed boundaries xin and xout, convoluted with an effective particle distribution, dN/dx, where x is the distance along the magnetic field line (Viganò et al. 2015c) :
The effective particle distribution represents the number of particles, per unit of distance, emitting radiation towards us. In general, it differs from the total particle distribution which is very hard to be inferred on purely theoretical basis. There exist two possible approaches to infer such a distribution. The first one is a semi-analytical one, followed by e.g., Zhang & Cheng (1997) , in which most gap parameters are univocally determined by the values of P and B⋆. In Viganò et al. (2015b) , we questioned such approach, analysing the impact of its many underlying assumption and approximations, which necessarily relies on, for instance, taking single-value parameters in many quantities, neglecting their uncertainties and dispersions (caused, e.g., by viewing angle, beaming effects and the magnetospheric geometry), or fixing the pitch angle to a non-zero value (Zhang & Cheng 1997) , while it should go to zero under SC losses (Viganò et al. 2015a) .
On the other hand, the numerical simulations by Takata et al. (2006) and Hirotani (2006 Hirotani ( , 2007 Hirotani ( , 2008 include the pair cascade, the Boltzmann equation for particles and the interaction with the radiation. These simulations are physically more self-consistent, but they also rely on some intrinsic, hardly avoidable assumptions, like the precise location of the gap, the intensity of incoming/outgoing currents (if any), and a simplified magnetic field geometry. Moreover, the computational cost makes this approach unviable if one wants to fit real data once and again. More recent stateof-the-art MHD simulations (Kalapotharakos et al. 2014; Brambilla et al. 2015) roughly predict the curvature radiation emitted outside the light cylinder, under certain assumptions (negligible pitch angle, spin period of ∼ ms, constant magnetospheric conductivity outside the light cylinder, and purely force-free magnetosphere inside it). Figure 1 . Evolution of the Lorentz factor Γ (top), the SC parameter ξ (middle), and the single-particle SC power Psc (bottom) calculated for a model with the timing properties of Geminga pulsar (see Table 2 ), and varying one by one the relevant parameters, as indicated in the legend, over a baseline model consisting of: E = 10 7.60 V m −1 , η = 0.5, b = 2.5, Γ in = 10 3 , α in = π/4, x in /R lc = 0.5. Some of the lines overlap with the base model (black solid line).
These difficulties in fitting spectra from first principles led us to take a more effective approach, based on a gap model containing a few effective parameters, which allow a systematic study of γ-ray spectra from which to extract few, but solid, physical conclusions. We explore here the effects of having effective particles distributions with larger weights in the inner part of the trajectory (small x0/R lc , see below), as discussed in Viganò et al. (2015a,c) . This choice reflects both an observational and a theoretical consideration. As Table 1 . Parameters entering in the SC model, explored range, and treatment in the fitting procedure. For a given pulsar, P and B⋆ are fixed by timing observed properties. The second group of three parameters are the ones constrained by data (we indicate within parenthesis which is the most constraining spectral property), while the remaining six parameters have much smaller influence on spectra and are fixed to the listed values.
Parameter
Range Treatment
.5-9.5 fit (energy peak) N 0 10 26 -10 34 fit (luminosity)
a See Eq. (13) for the definition of the effective parameter distribution dN/dx. We also explore the uniform particle distribution,
said in the introduction (see also Viganò et al. 2015c) a uniform distribution is not compatible with having the variety of slopes at low energies, E GeV, seen by Fermi-LAT. Physically, we can consider a number of effects that can qualitatively justify a large weight in the low ξ parts of the trajectories: the beaming is larger at smaller Γ, so that it is easier to detect radiation for less energetic particles. The geometry of the emitting region can also affect the radiation. The cascade of pairs, produced especially in the inner gap, where the interactions with X-ray photons are more likely, can also give a net effect of enhancing visible emission from particles with ξ ≫ 1, when they lose perpendicular momentum. Other effects, related to magnetic geometry and viewing angle, can further complicate the picture, and make any theoretical prediction quite difficult.
In order to introduce such effective particle distribution in a way that allow fitting, we shall introduce a functional form depending on the length-scale x0 and normalization N0 (total effective number of particles):
The choice of this particular function is motivated by simplicity. Other functions, with other parameters allowing to produce a non-uniform particle distribution along the gap could have been considered. We stress that this choice is an effective way to parametrize our ignorance about the combined effects described above on the observed emission, and will allow to constrain significant qualitative features emerging from the data fits. We also stress that Eq. (13) shall represent the particles which effectively produce the observed radiation, not the whole particle population in the gap, which we may never infer. 
Particles trajectories
The quantities defined in Eqs. (3)- (11), appearing in Eq. (2), depend on the local values of Γ, α, rc, and B. The kinematic parameters, Γ and sin α, evolve along the gap due to electric acceleration and radiation losses, thus we simulate the motion of charged particles by evolving the parallel and perpendicular momenta of particles according to the equations of motion (Viganò et al. 2015a):
where p = Γmv is the momentum of the particle, v its spatial velocity, E is the parallel component of the electric field, considered constant along the gap (Viganò et al. 2015b) , and Psc is the single-particle SC power, obtained by integrating Eq. (2) in energy:
On the other hand, we prescribe simple functional forms of rc(x) and B(x), depending on two effective parameters, η and b, as justified in Viganò et al. (2015b,c) :
where R⋆ is the neutron star (NS) radius, and we employ the standard definitions of light cylinder distance and inferred dipolar magnetic field at the polar surface:
Expected values for a pulsar magnetosphere are η ∼ 0.2 − 1 and
We summarize here the main results obtained in our previous works (Viganò et al. 2015a ,c, see also Hirotani & Shibata 1999) in Fig. 1, by showing the evolution of the Lorentz factor Γ (top), the SC parameter ξ (middle), and the single-particle SC power Psc (bottom), obtained for models having the timing parameters of the Geminga pulsar. Soon after pair creation, ξ ≫ 1, i.e. the losses mostly regard the perpendicular momentum, being approximated by synchrotron formula. Then, in a length-scale x ≪ R lc , the electrical acceleration makes Γ increase and sin α decrease by orders of magnitude, until the radiative losses can be approximated by purely curvature radiation, ξ ≪ 1. In this regime, Γ and Psc tends to saturate to a value determined by the balance between the electric force and the radiation-reaction force.
The baseline model (black line) has the following parameters: P = 0.237 s, B⋆ = 3.3×10
12 G (as in the Geminga pulsar), E = 10 7.6 V m −1 , η = 0.5, b = 2.5, xin = 0.5R lc , Γin = 10 3 , and αin = π/4. The other lines show models obtained exploring reasonable variations of the relevant parameters, according to what studied in Viganò et al. (2015b) . b, Γin, and αin have visible effects only in the very early part of the trajectories, x/R lc 10 −5 . This happens because, when ξ 1, then the radiation is approximated by curvature radiation, which is independent on the value of B and α. The parameters xin and η have an overall negligible influence as well, limited to minor differences in the outer part of the trajectory. Hence, the most relevant parameter affecting the trajectories is, by far, E : the larger it is, the larger Γ and the smaller ξ.
In conclusion, we can see that for x/R lc 10 −3 − 10 −1
(value depending on the model) the deviations from a purely curvature radiation (ξ ≪ 1) can be important. This is why we need to consider the full expression of SC radiation and evaluate it along the whole trajectory of the particles mov-ing through the gap, especially if most of the detectable radiation originates at the beginning of their trajectories, when particles are relatively slow and radiate mostly due to perpendicular momentum losses.
RESULTS
Instead of the (sub-)exponential cut-off power-law fit, Eq.
(1), we aim at fitting the spectra with the expected SC radiation, constraining the physical parameters of our gap model. In order to quantify the relative goodness of the fits, we compare the observed Fermi-LAT data with the binned theoretical spectra. In Appendix A we give the details about the explored grid of parameters, the re-binning of spectrum, and the definition of the goodness-of-fit indicatorχ 2 . According to the model setup described above, for a given pulsar we can fix the values of the spin period P , which defines R lc , Eq. (19), and the surface magnetic field B⋆, inferred from Eq. (20). Then, we have six parameters that regulate the trajectory: E , η, b, xin, Γin, and αin, and three parameters describing the effective particle distribution, Eq. (13): N0, x0/R lc and xout/R lc .
Since our spectral models are not analytical, and require the computation of the particle trajectory, we cannot perform a systematic, large and blind coverage of the multidimensional space of parameters. Instead, as a first step, we start by identifying which parameters have the largest impact on the spectrum and focus on those, relying also on our previous works (Viganò et al. 2015a,c) .
In Fig. 1 we saw that the kinematic evolution of particles is very sensitive on the value of E , while the other five parameters, (η, b, xin, Γin, αin), have non-negligible impact only in the very limited parts of the trajectories. In particular, b, Γin, and αin will have an impact only if the particle distribution has a width x0/R lc 10 −4 . Thus, since the typical photon energy, Eq. (6), strongly depends on the value of Γ, E is mostly constrained by the energy peaks of observed spectra. The value of x0/R lc is mostly constrained by the low-energy slope. The value of xout has an effect only if x0 xout, for which the outer part of the gap give important radiation. However, we anticipate here that small values x0/R lc ≪ 1 are favored from the spectral fits, thus xout is unconstrained. Lastly, the normalization N0 is picked up by minimizingχ 2 , once the other parameters are fixed (see Appendix A).
Briefly: the timing-derived parameters, P and B⋆, are fixed for a given pulsar, and the three most relevant parameters are: N0, x0/R lc and E . In Table 1 we summarize the set of parameters and the treatment we use when we fit data. If not specified, the other parameters are fixed to a baseline model with the values indicated in the third column.
Below, we apply our models to fit data to Geminga, Crab, and Vela pulsars, considering both the phase-averaged and phase-resolved spectra of Fermi-LAT. In Table 2 we show their timing properties, the derived rotational energy loss, characteristic age and surface magnetic field, the phases for which we consider the spectra below, appropriate references, and the results of the fit that we illustrate below. Since we focus on the SC radiation, we limit our study to the Fermi-LAT data.
Geminga
The Geminga pulsar has been detected in γ-rays and Xrays. Upper limits on the E > 100 GeV emission have recently ruled out any hardening above 50 GeV (Aliu et al. 2015) . The γ-ray light curve of the Geminga pulsar is doublepeaked, with P1 being the main peak for E 0.3 GeV. The second peak, P2, is slightly higher than P1 in the range 0.1-0.3 GeV. For the phase-resolved spectra, we consider the bins associated with the two peaks and the minimum phase, identified according to the fluxes reported by Abdo et al. (2010a) , and indicated in Table 2 .
We start the discussion with the phase-averaged spectrum. In the top left-hand panel of Fig. 2 we show the best-fitting model and the observed spectrum, obtained by exploring the log(E )-log(x0/R lc ) plane, fitting N0 in each model, and fixing the other parameters to the baseline model of Table 1 (see above and Appendix A for more details about the fitting procedure and grid of explored parameters). The best-fitting values are E = 10 7.65 V m −1 , x0/R lc ∼ 0.013, and N0 = 1.9×10
31 (see also Table 2 ). In the top right-hand panel, we show the related contour plots of χ 2 /χ 2 min , where χ 2 min is the minimum best-fitting value (white cross). A low value of x0/R lc is needed to fit the spectrum below the energy peak, which require that more weight is given to the parts with large ξ, i.e., dominated by synchrotron-like emission. This is a clear example of why a uniform distribution, where the radiation would be dominated by the ξ ≪ 1 part of the trajectory, cannot explain the low-energy slope. Theχ 2 min associated with the best-fitting of the average spectrum is large for three reasons. First, the errors in the low energy part, 1%, are very small. Secondly, the highenergy (above 10 GeV) data points are not fitted well. This incompatibility is inherent to the strictly exponential decay of the SC radiation formula, and agrees with the phenomenological sub-exponential cut-off model claimed in Abdo et al. (2010a) . We come back to this below. Thirdly, further finetuning of the explored parameter (e.g., a finer grid of E and x0/R lc ) would further improve the fit.
Looking at the contour plot, we note a strong anticorrelation between E and x0/R lc , with a strip of models having χ 2 < 2χ 2 min that constrain log(x0/R lc ) and log(E ) within ∼ 20 and ∼ 5 per cent, respectively. This anticorrelation, which is seen in all cases we have studied, is interpreted as follows. The low-energy slope with µ < 0.25 can be reproduced only if the initial parts of the trajectory are dominating the observed radiation. A large contribution of such parts, ξ ≫ 1, can be achieved by different models: the larger the electric field, the shorter is the acceleration length-scale, hence a smaller value of x0/R lc is needed to consider the parts with relatively low Γ. In any case, the favored values are x0/R lc ≪ 1: we are seeing radiation only from the inner, initial part of the particle trajectories.
As a second step, we check the influence of other parameters. We evaluate the best-fitting spectra for different values of x0/R lc , with E = 10 7.65 V m −1 (best-fitting value), and varying, one by one, the following three parameters: strains correspond to models with more efficient radiative losses: low values of b correspond to larger values of B in the outer magnetosphere, low values of xin imply a smaller radius of curvature. In both cases, particles will reach lower values of Γ. However, the large degeneracy and the much stronger dependence on E and x0/R lc prevents us from taking firm conclusions about these lower limits. The lack of such constraints justifies our initial choice of E , x0/R lc , and N0 as the only three parameters to be left free in the fit.
Since phase-resolved spectra show important variation between phases, we explore three representatives of them here. In Fig. 3 we show the same best-fitting model and contour plots shown for the phase-averaged spectrum, but referred to the spectrum of P1. In these cases, all data can be fitted well by our models, giving a much smallerχ 2 (mainly due to the fewer photons, i.e., larger errors), and fitting well also the spectrum above GeV. The correlations between parameters are similar to the ones of the phase-averaged spectrum, with the only differences in the weak constraints that can be put on the less relevant parameters, xin, η and b. In  Fig. 4 we show the best-fitting models for P2 and minimum phases, which are compatible with observations. In Table 2 we list the best-fitting parameter values for all cases. Note that in the phases of the peaks the fitted values of E and x0/R lc are similar to those obtained with the phase-averaged spectrum, since the peaks are the main contributors to the average. On the other hand, the minimum shows a much softer spectrum, which can be reproduced by smaller E and larger x0/R lc .
In general, we conclude that the high-energy phaseresolved spectra of Geminga are compatible with SC models, if the radiation mostly comes from the loss of perpendicular momentum at the beginning of the trajectories. This agrees with the observational conclusions coming from the detailed phase-resolved analysis reported by Abdo et al. (2010a) : at each individual phase, the spectrum can be reasonably described by a simple cut-off power-law, with energy peaks, slope indices, and fluxes varying by a factor of a few between different phases. We confirm that the sub-exponential cutoff seen in the phase-averaged spectrum is given by the effect of summing up the spectra coming from different phases.
Geminga P1
Geminga P1 Figure 3 . Same as Fig. 2 , but for the phase-resolved spectrum in P1 of the Geminga pulsar.
Geminga P2
Geminga Minimum Figure 4 . Best-fitting models of the Geminga pulsar for P2 (left) and minimum (right).
Crab
The Crab pulsar has been detected in all energy ranges, from radio up to very high energies. Besides Fermi-LAT (Abdo et al. 2010b), pulsed detections have been reported up to 2 TeV by MAGIC 1 (Aliu et al. 2008; Aleksić et al. 2011 Aleksić et al. , 2014 , above 100 GeV by VERITAS (Aliu et al. 2011) . At all energy ranges, the light curve presents two welldefined peaks, P1 and P2 of Table 2 , with almost no lag between different phases. In our analysis, we consider the 
Crab P1
Crab P2 Crab Bridge Figure 6 . Best-fitting models of the phase-resolved spectra of the Crab pulsar in P1 (left), P2 (center), and bridge (right).
phase-averaged spectrum, and the phase-resolved spectra for three phase bins, representing P1, P2, and the bridge between them. As before, we have noted that relatively tight constraints can be put only on E , x0/R lc , and N0. This is a general feature, so hereafter we will neglect the other parameters of the model. In Fig. 5 we plot the same contour plot and corresponding best-fitting spectrum to the phaseaverage data, as we did for the Geminga pulsar, Fig. 2 . We find a satisfactory fit, with a constrained value of E which has to be larger than that in Geminga, in order to reach the observed peak at few GeV. The value of x0/R lc is very small, again indicating an important contribution by synchrotronlike emission.
In Fig. 6 we show the best-fitting spectra for P1, P2 and the bridge. The best-fitting values (see Table 2 ) are similar to the phase-averaged spectrum, while the bridge spectrum requires a slightly larger x0/R lc and lower E , because of the steeper low-energy slope. In general, the fit to phase-resolved spectra is satisfactory.
Although we are able to reproduce the Fermi-LAT spectra, we note that the recent detection of the pulsed emission in TeV (not considered here) rules out the SC model to be the only responsible mechanism, indicating a likely important contribution of the IC mechanism at energies 10 GeV.
Vela
The Vela pulsar has been detected from radio to very high energies. Pulsed emission has been detected above 50 GeV (Leung et al. 2014 , recently also by the H.E.S.S. telescope 2 ), similarly to the Crab pulsar. It presents a large variability of light curves depending on the energy. In order to study the phase-resolved γ-ray spectra, we consider data coming from the three phases listed in Table 2 , corresponding to the two peaks, P1 and P2, which are the maxima below and above 1 GeV, respectively, and an inter-pulse phase, P3, corresponding to a third peak visible at E 3 GeV.
In Fig. 7 we show the contour plot of χ 2 /χ Vela average Vela average Figure 7 . Same as top panels of Fig. 2 , but for the Vela pulsar.
Vela P1 Vela P2 Vela P3 Figure 8 . Best-fitting models of the phase-resolved spectra of the Vela pulsar in P1 (left), P2 (center) and P3 (right).
value of E is intermediate between the Crab and Geminga cases, and again we need x0/R lc ≪ 1.
In Fig. 8 we show the phase-resolved spectra for the three phases, and the best-fitting obtained within our models.
3 The spectra in P1 and P3 are compatible with the SC emission model, while in P2 the residuals at high energies could point to contributions from IC scattering.
CONCLUSIONS
In this work, we have applied a SC model to the phaseaveraged and phase-resolved Fermi-LAT spectra of the three brightest and best-studied γ-ray pulsars: Geminga, Crab, and Vela. The theoretical spectra rely on a 1D gap model based on effective parameters, whose exploration allow us to systematically fit data. For a given pulsar, P and B⋆ are fixed by the observed timing properties. These define R lc , Eq. (19), and the surface magnetic field B⋆, Eq. (20).
Then, the properties of the emitting region can be effectively described by the following effective parameters: the accelerating electric field E , four geometrical parameters, η, b, xin/R lc , and xout/R lc , two kinematic parameters, Γin and αin, and two parameters describing the effective particle distribution: N0 and x0/R lc . A main conclusion is that E , x0/R lc , and N0 have much more influence on spectra than the remaining six parameters. Thus, observational data can quantitatively fitted by our model varying just these three parameters (which are, in number, one parameter less than the sub-exponential cutoff power-law employed by Fermi-LAT to describe the data), keeping the others fixed. E is mainly constrained by the energy of the peak, x0/R lc by the low-energy slope, and N0 by the flux.
In Fig. 9 we show the evolution of the Lorentz factor for the best-fitting models of the three phase-averaged pulsars. All curves of Γ(x/R lc ) versus normalized distance along the line are similar, reaching similar values of Γ ∼ few 10 7 at a distance x ∼ 10 −2 − 10 −1 R lc , a length-scale comparable with the inferred values of x0.
In all cases, the best-fitting models are consistent with radiation mostly coming from the initial part of the particle trajectories (x0/R lc 10 −2 ), where the perpendicular mo- Figure 9 . Lorentz factors versus normalized distance along the gap, x/R lc , for the best-fitting models of the phase-averaged spectra of the three pulsars.
mentum losses (i.e., synchrotron losses) are not negligible (ξ 1, see Fig. 1 ). This constraint is related to the relatively flat slope of the low-energy part, common to many other pulsars, and represents strong, qualitative indications about physical processes. In the framework of a SC interpretation of the pulsed emission, this can be related to several possible physical effects. The beaming angle of the emitted radiation is inversely proportional to Γ, thus low-energy photons, mostly coming from low-Γ particles, are easier to be detected. Moreover, the cascade process, not simulated in our effective approach, could actually provide a large number of particles quickly losing perpendicular momentum in synchrotron-like radiation.
For Geminga and Vela pulsars, our best fits to the phase-averaged spectra show residuals after the ∼ GeV peak. However, most of the studied phase-resolved spectra, at each individual phase, are compatible with purely SC radiation. In particular, the resulting sub-exponential cutoff in the phase-averaged spectrum of Geminga is coming from the conjunction of individual exponentially decaying spectra showing different cutoff energies. As a consequence, it is natural not to expect any detection from Geminga above tens of GeV, in agreement with VERITAS and MAGIC observations (Aliu et al. 2015) .
In some other cases, such as in at least one of the phases of the Vela pulsar, a sub-exponential cut-off results in important residuals at high energies even in the phaseresolved measurements. These results are consistent with the reported phenomenological fits by Fermi-LAT (Abdo et al. 2010b,c,a) . Another qualitative difference among the three pulsars considered is that Vela and Crab pulsars show pulsed emission at several tens of GeV, and up to 2 TeV, respectively. Detections at such high energies need to be explained by IC scattering. Leung et al. (2014) proposed a spectral model for Vela based on curvature radiation, consisting in the superposition of different outer gap structures, leading to different energy peaks. However, their model fails to reproduce the low-energy slope, and would be increasingly in tension the higher the energy at which pulsations are detected.
Note that even such mismatch observed at large energies in some cases does not invalidate the SC as the main mechanism of radiation below ∼GeV. Instead, it likely points to extra-contributions coming from IC, dominating at large energies only in a few cases. Recent stacked searches for pulsations by McCann (2014) indicate no strong average emission at E 50 GeV, which could make the SC model valid for most pulsars, with Crab and Vela pulsars being exceptions. Finally, note that the three pulsars span a range of two orders of magnitude in the estimated age (see Table 2 ). The rotational energy differences could explain the different importance of the IC mechanism, which could be more effective for young, more energetic and hotter NSs, due to the larger X-ray flux from the surface.
Comparing the obtained best-fitting values for the three pulsars, we note that the Crab pulsar needs larger values of E and N0, compared with Vela and Geminga, for which the best-fitting values are similar. The similar values of N0 between Vela and Geminga, in particular, are in contrast with the large difference (a factor ∼ 200) between their rotational energies, and reflects the high efficiency of Geminga.
A complementary study to our effective approach should ideally include 3D simulations of particle dynamics, considering the interaction with the radiation, leading also to the IC contribution estimate, with all the geometrical and beaming effects considered (and probably fitting on the gap location). Moreover, the inclusion of multiwavelength data and the study of the light curves should better constrain the models.
In a forthcoming work, we will apply our models to systematically study the entire population of γ-ray pulsars having good-quality data. Thus, we will constrain the values of E , x0/R lc , and N0, and look for trends in the population. Since good-quality phase-resolved spectra are available only for a minority of pulsars, one can work with the best phaseaveraged spectra, supported by the fact that, for the three cases here studied here and for which phase-resolved analysis exist, the obtained best-fitting values of E and x0/R lc are similar to the phase-resolved spectra at the peaks (see Table 2 ). Takata J., Shibata S., Hirotani K., Chang H. The aim of the fitting procedure is to constrain the three relevant parameters of our model, E , x0/R lc , N0, by comparing the theoretical and observational spectra, the latter taken from the publicly available data of the second Fermi-LAT pulsar catalog.
4 Data consist of a number of N bin ∼ 5 − 10 energy bins (each one with its extremes E1 and E2, and its weighted central energy Ecent), each one with its associated photon flux, F bin obs (in units photons cm −2 s −1 ), and its associated statistical error, δF bin obs . We consider the isotropic luminosity, L bin obs = 4πd 2 F bin obs , where d is the distance of the pulsar to the Earth, and we neglect possible beaming effects which would reduce the inferred luminosity. We neglect bins having only upper limits to the flux.
To explore the space of parameters, we span a grid of 41 different values of E , logarithmically equi-spaced, covering two orders of magnitude, and a grid of 50 values of x0/R lc ∈ [0.001, 1] (with increasing steps), plus the case of uniform effective distribution of particle. For each pair of values (E , x0), we evaluate the expected spectrum over a grid of hundreds of points in the 100 MeV-100 GeV range. Then, we renormalize it by the best-fitting value of N0, found by means of scanning a grid, having progressively finer steps, up to dN0/N0 10 −3 . Therefore, we integrate the SC photon spectrum (related to the SC energy spectrum, Eq. 12, by dNgap/dE = (1/E)dPgap/dE) in each bin (and normalizing by the bin width), to obtain the binned SC photon spectrum (number of photons per unit energy):
Therefore, we calculate the goodness-of-fit indicator in the standard way:
4 http://fermi.gsfc.nasa.gov/ssc/data/access/lat/2yr_catalog/χ 
where δL bin obs = 4πd 2 δF bin obs is the luminosity error for each bin. Such error neglects the (likely large) uncertainties on distance and beaming factor, but this would only change the luminosity, thus providing a different inferred normalization N0, but without changing the spectral shape, and therefore, the constrains on E and x0/R lc .
In the plots of the paper, following the literature, we plot the binned functions E 2 dN/dE ≡ E 2 cent L bin , in units erg s −1 , both for the theoretical models and data.
